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Abstract—As revealed by the no free lunch theorem, no
single algorithm can outperform any others on all classes
of optimization problems. To tackle this issue, methods
for recommending an existing algorithm for solving given
problems have been proposed. However, existing recom-
mendation methods for continuous optimization suffer from
low practicability and transferability, mainly due to the
difficulty in extracting features that can effectively describe
the problem structure and lack of data for training a rec-
ommendation model. This work proposes a generic recom-
mender system to address the above two challenges. First, a
novel method is proposed to represent an analytic objective
function of a continuous optimization problem as a tree,
which is directly used as the features of the problem. For
black-box optimization problems whose objective function is
unknown, a symbolic regressor is adopted to estimate the tree
structure. Second, a large number of benchmark problems are
randomly created based on the proposed tree representation,
providing an abundant amount of training data with various
levels of difficulty. By employing a deep recurrent neural
network, a recommendation model is trained to recommend
a most suitable metaheuristic algorithm for white- or black-
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box optimization, making a significant step forward towards
fully automated algorithm recommendation for continuous
optimization. Experimental results on 100,000 benchmark
problems show that the proposed recommendation model
achieves considerably better performance than existing ones,
and exhibits high transferability to real-world problems.

Impact Statement—Real-world optimization problems
such as aerodynamic design of turbine engines and auto-
mated trading have been successfully solved by metaheuris-
tics. However, practitioners are confronted with the challenge
of how to choose an appropriate metaheuristic algorithm to
solve a particular instance of these problems. This paper
proposes a recommender system that can automatically select
a best-suited metaheuristic algorithm without trial and error
on a given problem. The proposed method develops a generic
tree-like data structure for representing the difficulties of
optimization problems and then trains a deep recurrent
neural network to learn to choose the best metaheuristic
algorithm, making automated algorithm recommendation
practical for real-world problem-solving. The method will
make metaheuristic optimization techniques accessible to in-
dustrial practitioners, policy makers, and other stakeholders
who have no knowledge in metaheuristic algorithms.

Index Terms—Metaheuristics, continuous optimization
problem, algorithm recommendation, deep recurrent neural
network, symbolic regression, decision tree.

I. INTRODUCTION

INSPIRED by the biological evolution mechanisms
and swarm behaviors in nature, many metaheuristics

have gained extensive development and usage over the
past decades, such as genetic algorithms [1], particle
swarm optimization [2], differential evolution [3], ant
colony optimization [4], and among many others [5]–[7].
These algorithms are high-level methodologies that do
not rely on the specific characteristics of problems, hav-
ing shown appealing competitiveness in solving various
complex optimization problems.

As revealed by the no free lunch theorem, however,
there does not exist a single algorithm that can outper-
form any others on all classes of optimization problems
[8]. Hence, much effort has been made to develop al-
gorithms tailored for specific types of problems [9]–[12].
Since the design of dedicated algorithms may require
specific domain knowledge, it is difficult for engineers
to customize new algorithms for different applications;
instead, existing algorithms are often selected on the
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basis of empirical comparisons [13]. In practice, it is
unrealistic to perform a large number of experiments
to choose a best existing solver, since many industrial
optimization problems are computationally expensive
[14]–[16]. This leads to a new research field aiming at
performance analysis of metaheuristics [17]. There are
several ideas for identifying the relationship between
algorithm performance and problem difficulty, including
predicting the performance of algorithms on problems
with specific settings [18], estimating the running time
when algorithms can converge to the global optimum
of specific problems [19], tuning the parameters of algo-
rithms for achieving the best performance [20], and con-
trolling the parameters of algorithms during the search
process [21].

Since the effective use of these methods requires
good understanding of the algorithms, it is difficult
for engineers who are not an expert in metaheuristics
[22]. A more realistic idea is to select potentially best-
performing algorithms for a given problem from multi-
ple candidate algorithms, where the methods based on
this idea can be divided into online and offline ones.
The online approaches belong to hybrid metaheuristics,
where multiple metaheuristics are simultaneously used
to solve the problem and the ones generating better
offspring are given a higher priority [23]. For example,
one idea is to run each metaheuristic for a generation
and adjusts the resources for each metaheuristic accord-
ing to its performance [24]. In [25], the components of
multi-objective evolutionary algorithm are automatically
configured during the search process, whiles in [26] a
stochastic online decision process is proposed to select
metaheuristics based on dynamic multi-armed bandits.

On the other hand, the offline methods aim to select
a single best-performing algorithm before solving the
problem, which are known as algorithm recommenda-
tion [27]. As illustrated in Fig. 1, algorithm recommenda-
tion can be regarded as a classification task, where each
sample consists of the features representing the difficulty
or structure of an optimization problem and the corre-
sponding label is the index of the best suited optimiza-
tion algorithm for the problem. Obviously, extracting
effective features for representing the characteristics of
optimization problems and building a high-performance
classifier for learning the mapping between the features
and the label (the recommended optimization algorithm)
are two pivotal components for the success of a recom-
mendation method. In the last decade, some methods
have been developed for algorithm recommendation on
various combinatorial optimization problems including
propositional satisfiability problem [28], automated plan-
ning [29], quadratic assignment problem [30], traveling
salesman problem [31], and ρmnk-landscape [18]. By
contrast, the research on algorithm recommendation for
continuous optimization problems is still in its infancy,
and only a small number of methods have been devel-
oped based on a few algorithms and problem classes
[32]–[34]. The difficulties of algorithm recommendation
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Fig. 1. A generic framework for algorithm recommendation.

for continuous optimization problems lie in the follow-
ing two aspects:

1) Feature extraction: Due to the complexity of the
functions in continuous optimization problems, most
existing methods consider them as black-box problems
and extract features to represent the landscape charac-
teristics. Specifically, a number of decision vectors are
sampled in the decision space of the problem by Latin
hypercube sampling [35], and their objective values are
calculated. Then, various features are calculated based
on these objective values. It is believed that the algorithm
performance is highly dependent on the landscapes of
problems [33], hence these landscape-related features
can build a bridge between algorithm performance and
problem difficulty. This idea is straightforward and rea-
sonable, but it suffers from the curse of dimensionality
since ad solutions should be sampled in theory for a
divisions on each of the d decision variables. Since only
a small number of function evaluations are allowed from
real-world problems, the learned characterization of the
landscape is very likely to be inaccurate for complex
problems.

2) Sample generation: In contrast to combinatorial opti-
mization problems whose datasets can be automatically
synthesized [18], [31], continuous optimization problems
are generally represented by complex functions that
are difficult to be arbitrarily generated. Hence, existing
recommendation methods for continuous optimization
problems typically adopt the benchmark problems for
training the recommendation model. For instance, 24
BBOB problems [36] were involved in [32], 12 WFG
problems [37] were involved in [33], and 33 problems
from the CEC competition [38] were involved in [34].
Although these benchmark problems are sufficient for
assessing the performance of metaheuristics, it is difficult
to train an effective classifier based on such a small
number of samples. More importantly, existing bench-
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mark problems consist of a limited number of manually
designed mapping functions, which cannot provide ad-
equately diverse difficulties for different metaheuristics.
That is, a single metaheuristic good at handling these
mapping functions can perform the best on most bench-
mark problems, thus leading to a highly unbalanced
training set that is harmful for the training of the rec-
ommendation model.

As a consequence, algorithm recommendation still
remains a promising but challenging topic, and many
existing methods emphasize on analyzing landscape-
related features [18], [32] rather than enhancing the per-
formance of the recommendation model. To take a step
forward, this work proposes a novel recommender sys-
tem that represents an optimization problem using a tree
structure and then feeds it into a deep recurrent neural
network for training, improving the accuracy, explain-
ability, and transferability of algorithm recommendation
for continuous optimization problems. It addresses the
limitations of existing recommendation methods since it
does not need to extract landscape-related features and
can generate sufficient benchmark problems as training
samples. The main components of the proposed method
include the following two aspects:

1) A function representation strategy is proposed for
extracting features from continuous optimization
problems. Based on a novel tree structure, the
proposed method defines seven operands as the
leaf nodes and 20 operators as the non-leaf nodes of
the tree. By doing so, an analytic objective function
can be represented as a tree and the nodes in the
tree are regarded as the features. For black-box
problems whose objective function is unknown, a
number of solutions are sampled and their objec-
tive values on the problem are calculated; then, a
symbolic regressor is adopted to estimate the tree
for learning the mappings between the solutions
and their objective values. This way, the proposed
method offers a unified and explainable approach
to representing white- and black-box optimization
problems, which uses the operands and operators
instead of the landscape-related features.

2) A deep learning based classifier is proposed to
recommend a most suited metaheuristics for con-
tinuous optimization problems. Given the tree rep-
resentation of a problem, the proposed method
converts it into a reverse Polish expression. Then,
the expression is regarded as a sentence and fed
into a deep recurrent neural network used in
natural language processing. To train the neural
network, a large number of benchmark problems
are randomly created with the help of the tree
structure, and their labels are obtained by test-
ing several metaheuristics on each problem. The
proposed method makes full advantage of deep
learning with an elegant and practical training data
collection strategy, effectively learning the relations

between algorithm performance and problem dif-
ficulty.

To summarize, the proposed recommender system dis-
tinguishes itself from existing work [30], [32]–[34] in the
following three aspects:

1) Feature extraction strategy. Existing methods sam-
ple a number of solutions from a given problem,
and then extract the features of the problem by
calculating some indicators based on the sampled
solutions. By contrast, the proposed method sug-
gests a novel tree structure to represent the given
problem, and then converts the tree into a reverse
Polish expression as the features of the problem.
In comparison to existing methods, the proposed
feature extraction strategy does not suffer from the
curse of dimensionality and can better characterize
the problem.

2) Training sample collection strategy. Existing methods
rely on a limited number of benchmark problems
to generate training samples, whilst the proposed
method suggests a tree based strategy that can
generate an arbitrary number of benchmark prob-
lems with various levels of difficulty. In comparison
to existing methods, the proposed training sample
collection strategy can provide a vast amount of
data for training a high-performance recommenda-
tion model.

3) Recommendation model. Most existing methods em-
ploy conventional machine learning algorithms as
the recommendation model. This work adopts a
deep recurrent neural network as the recommen-
dation model, which is more powerful than those
used in existing methods.

In the empirical studies, we test ten popular meta-
heuristics on 100,000 created benchmark problems as
the dataset. The results show that the proposed method
achieves a prediction accuracy of 92.15%, whilst state-of-
the-art recommendation methods can achieve an accu-
racy of up to 67.57%. In addition, the proposed method
exhibits an appealingly high transferability on two types
of real-world problems.

The rest of this paper is organized as follows. Section II
details the function representation strategies for both
white- and black-box optimization problems, Section III
describes data collection and training of the deep learn-
ing based classifier, Section IV reports the experimental
results, and Section V concludes this paper with discus-
sions on promising future work.

II. TREE-BASED FUNCTION REPRESENTATION FOR
FEATURE EXTRACTION FROM OPTIMIZATION PROBLEMS

A. A Tree Structure for Representing Continuous Optimiza-
tion Problems

The continuous optimization problems considered in
this work can be mathematically defined as follows:

Minimize f(x)

s. t. x ∈ Ω ⊆ Rd
, (1)



4 JOURNAL OF IEEE TRANSACTIONS ON ARTIFICIAL INTELLIGENCE, VOL. 00, NO. 0, MONTH 2020

where f denotes the objective function, x = (x1, . . . , xd)
denotes the decision vector, Ω is the decision space, and
d is the number of decision variables. The purpose of the
proposed tree structure is to represent various function f
with diverse difficulties, while the decision space and the
number of decision variables can be arbitrarily specified
for the created function.

In this work, we hypothesize that the difficulties of
an objective function are mainly determined by the
included operators and operands. For example, a mul-
timodal landscape can be characterized by sin(x) or
cos(x), and a linkage between decision variables can be
captured by (xi − xi+1)2. Hence, seven operands and
20 operators are defined in the tree structure, as listed
in Table I, where operands are stored in the leaf nodes
and operators are stored in the non-leaf nodes of a tree.
The operands and operators can be classified into the
following five categories:

Numbers. Real numbers are the most common
operands in the functions of continuous optimization
problems. The proposed method uses the notation a to
represent a real constant. Note that we do not use the
notations like 1, 2.2, and 3.14 to represent particular
constants since we aim to define a finite number of
operands as the features, which constitute a finite vocab-
ulary and can be fed into the recurrent neural network
shown in Fig. 3. Besides, a notation rand is considered
to represent a random number, whose value is changed
in each function evaluation for representing noise.

Decision variables. The decision vector x is indispens-
able in the functions, which is represented by the no-
tation x in the tree. While using x can only represent
fully separable functions, additional notations are also
designed to represent non-separable functions like many
popular benchmark problems, including the first vari-
able x1 providing linkages between all the variables
and a single one [39], the translated decision vector
xt providing linkages between each two continuous
variables [40], the rotated decision vector xr providing
complex linkages between all the variables [41], and the
index vector index providing different optimal values
to all the variables [42].

Binary operators. Four basic binary operators are con-
sidered in the tree, namely, addition, subtraction, mul-
tiplication, and division. Note that we do not notate
some other binary operators like ax and loga x since the
unary operators ex and lnx are considered, where ax is
equivalent to ebx and loga x is equivalent to ln x

b , where
a denotes a positive number and b = ln a.

Unary operators. Eleven unary operators are considered
in the tree. As listed in Table I, the unary operators
neg, rec, and multen can change the ranges of real
constants and decision variables, the unary operators
square, sqrt, abs, log, and exp can provide uni-
modal landscapes, the unary operators sin and cos can
provide multimodal landscapes, and the unary operator
round can provide flat landscapes.

Vector-oriented operators. Since the functions of contin-

TABLE I
OPERANDS AND OPERATORS USED IN THE TREE STRUCTURE.

Notation Meaning Syntax

Numbers
a A real constant a

rand A random number rand

Decision variables
x Decision vector (x1, . . . , xd)
x1 First variable x1
xt Translated decision vector (x2, . . . , xd, 0)
xr Rotated decision vector xr

index Index vector (1, . . . , d)

Binary operators
add Addition a+ x
sub Subtraction a− x
mul Multiplication a · x
div Division a/x

Unary operators
neg Negative −x
rec Reciprocal 1/x

multen Multiplying by ten 10x
square Square x2

sqrt Square root
√
|x|

abs Absolute value |x|
exp Exponent ex

log Logarithm ln |x|
sin Sine sin(2πx)
cos Cosine cos(2πx)
round Rounded value dxe

Vector-oriented operators
sum Sum of vector

∑d
i=1 xi

mean Mean of vector 1
d

∑d
i=1 xi

cum Cumulative sum of vector (
∑1

i=1 xi, . . . ,
∑d

i=1 xi)

prod Product of vector
∏d

i=1 xi
max Maximum value of vector maxi=1,...,d xi

uous optimization problems are calculated based on a
decision vector rather than a single decision variable, a
vector-oriented operator is required to map the multi-
dimensional decision vector to a one-dimensional objec-
tive value. For this purpose, five vector-oriented oper-
ators are considered in the tree, including calculating
the sum, mean, cumulative sum, product, and maximum
value of all the variables in the decision vector.

After defining all the operands and operators, as plot-
ted in Fig. 2, the function of a continuous optimization
problem can be represented by the operands and opera-
tors and converted into a tree. The tree is then converted
into a reverse Polish expression and used as the input
of the classifier introduced in Section III-A, while no
additional features need to be extracted. Besides, the pro-
posed tree structure can facilitate the estimation of the
expressions of black-box problems and the generation
of training data, where these strategies are detailed in
Sections II-B and III-B, respectively.

B. Estimated Tree Representation of Black-Box Problems Us-
ing Symbolic Regression

The proposed tree structure is very efficient for fea-
ture extraction since it does not need to calculate the
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mean(((square((x)sub(a)))sub(multen(cos(x))))add(a))

(c) Tree of the function(b) In-order expression(a) Objective function

add

sub

multensquare

sub cos

x a x

mean

a

Fig. 2. Illustrative example of representing a continuous function as a tree.

Algorithm 1: symbolic regression(f)

Input: f (a black-box problem)
Output: tree (the estimated tree)

1 X ← Sample a number of solutions by Latin
hypercube sampling;

2 for each x ∈ X do
3 Calculate f(x);

4 for each benchmark problem g do
5 Sim(f, g)← Calculate the similarity between

functions f and g by (2);

6 P ← Trees of the N most similar benchmark
problems to f ;

7 for each tree ∈ P do
8 Optimize the constants in tree by random search.

9 Calculate the fitness of each tree in P by (2);
10 for generation = 1 to G do
11 P ′ ← Select N trees from P by binary

tournament selection according to the fitness;
12 O ← recombination(P ′);
13 for each tree ∈ O do
14 Optimize the constants in tree by random

search.
15 Calculate the fitness of each tree in O by (2);
16 P ← P ∪O;
17 P ← Remain the N best trees in P ;

18 tree← The best tree in P ;
19 return tree;

objective value of any solution on the problem. However,
it is not applicable to real-world optimization problems
whose objective function is not analytically known. For
instance, the evaluation of the objecitve function is based
on computational fluid dynamics simulations [43] or a
large dataset [44]. Therefore, the operands and operators
of the function of a black-box problem must be estimated
based on a number of solutions sampled from the prob-
lem.

Since the proposed tree structure contains different
types of decision vectors and vector-oriented operators,
this work adopts a symbolic regressor to estimate the
operands and operators included in a black-box prob-
lem, which is slightly different from existing methods
based on genetic programming [45]. The procedure of

the proposed symbolic regressor is presented in Algo-
rithm 1. To begin with, a number of solutions X are uni-
formly sampled in the decision space by Latin hypercube
sampling, and their objective values on the black-box
problem f are calculated. Then, the objective values of
the solutions on each created benchmark problem g are
also calculated, and the similarity (approximation error)
between f and g is measured according to the following
loss function:

Sim(f, g) =

√∑
x∈X

(f(x)− g(x))2. (2)

Based on the similarity between f and all the benchmark
problems, the trees of the N most similar benchmark
problems to f are selected as the individuals in the
initial population, so that the symbolic regressor does not
need to search from scratch. It is worth noting that the
proposed tree structure stores the locations of constants
but does not specify their values. Hence, random search
is adopted to optimize the constants in each tree, where
ten random values are assigned to each constant and
the value leading to the best fitness is kept. The fitness
of a tree is defined as the similarity between f and the
function determined by the tree, so that the tree with
the best approximation of the mappings between all the
x ∈ X and f(x) can be preserved.

At each generation, N parents are selected from P
by binary tournament selection according to the fitness,
and they are used to generate N offspring by crossover
and mutation operators. After optimizing the constants
and calculating the fitness values of the offspring, the
parent population is combined with the offspring and
N individuals having better fitness values are selected as
the parents of the next generation. Algorithm 2 gives the
procedure of the crossover and mutation operators. Re-
garding the crossover operator, two trees are picked up
from the parent population each time, and two subtrees
are randomly selected from them and exchanged to gen-
erate two new trees. Regarding the mutation operator,
each new tree is mutated by one of the following three
operators with a predefined probability: a) randomly
select a leaf node from the tree and extend the node
by a randomly selected operator; b) randomly select
a subtree from the tree and replace the subtree with
one of its subtrees; c) randomly select a node from the
tree and randomly modify its notation. The offspring
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Algorithm 2: recombination(P )

Input: P (parent population)
Output: O (offspring population)

1 O ← ∅;
//Crossover operator

2 while P 6= ∅ do
3 [tree1, tree2]← Pick up two trees from P ;
4 P ← P \ {tree1, tree2};
5 t1 ← Randomly select a subtree from tree1;
6 t2 ← Randomly select a subtree from tree2;
7 Exchange t1 and t2;
8 O ← O ∪ {tree1, tree2};
//Mutation operator

9 for each tree ∈ O do
10 if rand < mutation probability then
11 r ← rand;
12 if r < 1

3 then
13 t← Randomly select a leaf node from tree;
14 Extend t by a randomly selected

operator;

15 else if r < 2
3 then

16 t← Randomly select a subtree from
tree;

17 t′ ← Randomly select a subtree from t;
18 Replace t with t′ in tree;

19 else
20 t← Randomly select a node from tree;
21 t′ ← Randomly generate a node with

the same category to t;
22 Replace t with t′ in tree;

23 return O;

population consists of all the trees generated by the
crossover operator and tuned by the mutation operator.

Consequently, the proposed method is able to find a
tree structure representation for both white- and black-
box continuous optimization problems, where white-box
problems are directly represented by the tree structure
according to their functions, and the trees of black-
box problems are estimated by the proposed symbolic
regressor. Therefore, the recommendation model will be
applicable to both white- and black-box optimization
problems. In the next section, the construction of deep
learning based classifier for algorithm recommendation
will be elaborated.

III. A DEEP LEARNING BASED CLASSIFIER FOR
AUTOMATED ALGORITHM RECOMMENDATION

A. A Deep Recurrent Neural Network for Algorithm Recom-
mendation

The proposed method uses the components of a tree
representation for a continuous optimization problem
as the input attributes of the classifier. Specifically,

Algorithm 3: tree to expr(tree)

Input: tree (the constructed tree)
Output: expr (the reverse Polish expression)

1 expr ← tree to expr(tree.left) ∪
tree to expr(tree.right) ∪ tree.value;

2 return expr;

Algorithm 4: expr to func(expr)

Input: expr (the reverse Polish expression)
Output: func (the created function)

1 func← ∅;
2 for i = 1 to |expr| do
3 note← expr(i); //i-th notation
4 if note is an operand then
5 func← func ∪ note;
6 else if note is a unary/vector-oriented operator

then
7 note2← func(end); //Last notation
8 Delete note2 from func;
9 func← func ∪ (note ∪ note2);

10 else if note is a binary operator then
11 note2← func(end); //Last notation
12 note3← func(end− 1); //Second last

notation
13 Delete note2 and note3 from func;
14 func← func ∪ (note2 ∪ note ∪ note3);

15 return func;

it converts the tree into a reverse Polish expression
[46], as shown in Algorithm 3, where tree denotes
the root of the tree, tree.value denotes the notation
of the node, and tree.left and tree.right denote the
left and right children of the node, respectively. It is
worth noting that the function of a problem can also
be represented as an in-order expression as shown in
Fig. 2, however, it is unreasonable to use the in-order
expression as the input attributes to the classifier since
the expression contains many parentheses for deter-
mining the order of operations. Taking the function∑d

i=1(10 sin(2πxi) − 3) as an example, the in-order ex-
pression is sum((multen(sin(x)))sub(a)) and the
reverse Polish expression is x sin multen a sub sum.
Obviously, the reverse Polish expression does not contain
any parenthesis and can be correctly converted back
into the function by Algorithm 4. Note that a post-order
expression generally cannot be converted into an in-
order expression, while the reverse Polish expression can
be correctly converted into a function, since there are two
different types of nodes (i.e., operand and operator) in
the tree, where the operands are always leaf nodes and
the operators are always non-leaf nodes.

The reverse Polish expression is in fact a variable-
length sentence with a finite vocabulary, hence a deep
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sum((multen(sin(x)))sub(a))

x    sin  multen  a   sub  sum
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Fig. 3. The deep recurrent neural network used in the proposed
method.

recurrent neural network is adopted as the classifier,
i.e., the recommendation of algorithms is regarded as a
natural language processing task. As depicted in Fig. 3,
the reverse Polish expression is first tokenized by en-
coding each notation in a one-hot representation [47],
i.e., a binary vector with one dimension being 1 and the
rest being 0. Then, the one-hot representation of each
notation is fed into a word embedding layer [48] to
obtain a word vector. Afterwards, the word vectors in
the same expression are fed into an LSTM layer [49]
in sequence, which is tailed by a fully-connected layer
and a softmax layer for predicting the index of the best
algorithm. The length of the one-hot representation is 27
since there are 27 notations defined in Table I, the size
of the word embedding layer and LSTM layer is set to
30, and the size of the fully-connected layer and softmax
layer is equal to the number of candidate algorithms. The
whole model is trained by Adam [50] with a learning
rate of 0.01, a mini-batch size of 128, and 20 epochs, for
minimizing the following cross entropy loss:

CE =
1

L

L∑
i=1

K∑
j=1

−yij log(ŷij), (3)

where L denotes the number of training samples (i.e.,
problems), K denotes the number of categories (i.e.,
algorithms), yij is a binary variable denoting whether
the j-th algorithm performs the best on the i-th problem,
and ŷij is the j-th output of the model on the i-th sample.

B. A Tree based Strategy for Training Data Generation
Last but not the least, a large number of samples must

be obtained to train the deep recurrent neural network

Algorithm 5: generate tree(D)

Input: D (number of operations in the tree)
Output: tree (the constructed tree)

1 tree.value← ‘mean’; //Notation of the
node

2 tree.left.value← ∅; //Left child
3 tree.right.value← ‘x’; //Right child
4 for i = 2 to D do

//Randomly reach a leaf node
5 t← tree;
6 while t.right 6= ∅ do
7 if t.left == ∅ or rand < 0.5 then
8 t← t.right;

9 else
10 t← t.left;

//Extend the leaf node
11 operator ← Randomly select an operator;
12 if operator is a binary operator then
13 operand← Randomly select an operand;
14 if rand < 0.5 then
15 t.left.value← t.value;
16 t.right.value← operand;

17 else
18 t.left.value← operand;
19 t.right.value← t.value;

20 t.value← operator;

21 else
22 t.right.value← t.value;
23 t.value← operator;

24 return tree;

in advance. Since existing benchmark problems in the
literature cannot provide sufficient training samples, a
training data collection strategy is proposed to randomly
generate benchmark problems. It is worth noting that
randomly adding operators and operands to the decision
vector x in a bottom-up manner is likely to create a long
monomial rather than an arbitrary function. For instance,
it is easy to create monomials like 10 sin(2πx) but diffi-
cult to create more complex functions like ex + x2 + 2.
Therefore, the proposed training data collection strategy
adopts the proposed tree structure to create complex
functions.

Fig. 4 and Algorithm 5 present the detailed procedure
of constructing a random tree. As can be seen, the
initial nodes of the tree are always mean and x, which
can ensure all the decision variables are involved and
the value of the function is a scalar. Afterwards, the
following steps are repeated for a predefined number of
times to construct a tree: Randomly selecting a leaf node,
extending this node by a new operator, and randomly
selecting a new operand if the new operator is a binary
operator. It is obvious that the proposed method can cre-
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Fig. 4. Procedure of creating a random tree.

TABLE II
ALL THE DIFFICULTIES TO BE INJECTED INTO THE FUNCTION func.

Probability
Difficulty Operation of being

selected

1 Noise Replace func by 0.05
func · rand

2 Flat landscape Replace func by 0.05dfunce

3 Multimodal Replace func by 0.1
landscape func+ sin(2π · func)

4 Highly multimodal Replace func by 0.05
landscape func+ 10 sin(2π · func)

Linkages between Replace (x1, . . . , xd) by
5 all the variables

(x1, . . . , xd)− x1
0.05

and the first one
Linkages between Replace (x1, . . . , xd) by

6 each two contiguous
(x1, . . . , xd)− (x2, . . . , xd, 0)

0.05
variables

Complex linkages Replace (x1, . . . , xd) by
7 between all the

xr
0.05

variables
Different optimal Replace (x1, . . . , xd) by

8 values of the
(1 · x1, . . . , d · xd)

0.05
variables

ate complex functions rather than monomials. However,
the created functions may have very simple landscapes
or invalid objective values. To address this issue, we
introduce in the following three operations to modify
the constructed trees.

1) Difficulty injection: In practice, the optimization
problems in real-world applications usually have various
difficulties or difficulties such as noise [51], flat land-
scapes [52], multimodal landscapes [11], and complex
linkages between variables [53]. Therefore, a difficulty
injection operation is designed here to inject particular
difficulties into the functions. As listed in Table II, eight
difficulties are designed by extending the created func-
tion func or decision vector x, including noise, flat land-
scape, multimodal landscape, highly multimodal land-
scape, linkages between variables, and different optimal
values of variables. The pseudocode of this operation is
presented in Supplementary Materials I.

2) Tree cleaning: Since the operators in the created
functions are randomly selected, there usually exist some
redundant operators that may be harmful to the training
of classifier, e.g., −x− (−a) can be simplified into a− x
and

∏d
i=1

∑d
i=1 xi can be simplified into

∑d
i=1 xi. The

tree cleaning operation simplifies 17 scenarios as shown

TABLE III
ALL THE SCENARIOS TO BE SIMPLIFIED.

Scenario Example Example
(original) (Simplified)

Vector-oriented
1 operators acted

∏d
i=1

∑d
i=1 xi

∑d
i=1 xi

on scalar
2 Redundant abs |

√
|x||

√
|x|

3 Successive √
x2 x

square and sqrt

4 Successive
ln ex x

exp and log

5 Successive
a+ b a

two constants

6 Successive −(−x) x
two neg

7 Successive −(a− x) x− a
neg and sub

8 Successive
a+ (−x) a− x

add and neg

9 Successive
a− (−x) a+ x

sub and neg

10 Successive
(a+ x)− b a+ x

two add/sub

11 Successive
(a+ x1)− (b+ x2) a+ x1 − x2three add/sub

12 Successive
1/(1/x) x

two rec

13 Successive
1/(a/x) x/a

rec and div

14 Successive
a · (1/x) a/x

mul and rec

15 Successive
a/(1/x) a · x

div and rec

16 Successive
(a · x)/b a · x

two mul/div

17 Successive
(a · x1)/(b · x2) a · x1/x2three mul/div

in Table III, including the vector-oriented operators acted
on scalar, the redundant abs, the successive square and
sqrt, the successive exp and log, the successive add,
sub, and neg, and the successive mul, div, and rec.
Note that two successive constants like a + b are also
simplified into a single one a, since a particular setting
of the constant can make them equivalent. The pseu-
docode of this operation is presented in Supplementary
Materials II.

3) Invalid problem elimination: It should be noted that
the combinations of some operands and operators may
lead to invalid or extreme objective values, such as 1/x
with x = 0 and ee

x

with x > 3. Hence, we directly
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Fig. 5. Overall framework of the proposed recommender system.

eliminate the problem if an invalid or extreme objective
value (i.e., larger than 1010 or smaller than −1010) is
generated when testing algorithms on it. In addition, to
make the label of each problem unique, only one algo-
rithm can have the best performance on the problem. For
this purpose, we test each algorithm on each problem for
multiple independent runs, then eliminate the problem
if the best algorithm has a similar result to any other
algorithms statistically in terms of the Wilcoxon rank
sum test [54] with a significance level of 0.05.

C. Overall Framework of the Proposed Method
The overall framework of the proposed method is

illustrated in Fig. 5. Firstly, a large number benchmark
problems are randomly created by the training data
collection strategy introduced in Section III-B, and their
labels are obtained by testing several metaheuristics on
them. Note that the values of constants a are set to
random values within [1, 10] and the random numbers
rand vary within [1, 2]. Then, these problems are used
to train the deep recurrent neural network introduced
in Section III-A. For a white-box continuous optimiza-
tion problem, it is represented by the tree structure
introduced in Section II-A and then fed into the neu-
ral network. For a black-box continuous optimization
problem, the tree is estimated by the symbolic regressor
introduced in Section II-B and then fed into the neural
network based classifier.

IV. EMPIRICAL STUDIES

A. Data Sample Generation
We randomly create 100,000 benchmark problems with

8 to 12 operations by using the proposed training data
collection strategy. Then, we test ten metaheuristics on
each problem to get the label of each sample, including
artificial bee colony algorithm (ABC) [55], ant colony
optimization (ACO) [4], covariance matrix adaptation
evolution strategy (CMA-ES) [56], competitive swarm
optimizer (CSO) [57], differential evolution (DE) with
rand/1/bin [3], fast evolutionary programming (FEP)
[58], genetic algorithm (GA) with simulated binary
crossover [59] and polynomial mutation [60], particle
swarm optimization (PSO) [2], simulated annealing (SA)

[61], and random search (Rand). Most of these algo-
rithms have shown promising performance on real-
world applications by using different search strategies,
covering most existing paradigms of metaheuristics.

Each algorithm is executed on each problem for 20 in-
dependent runs, and the best algorithm on each problem
is determined by comparing the mean of the minimum
objective values found over 20 runs. For all the problems,
the number of decision variables is set to 10, the upper
bound of each decision variable is set to 10, and the
lower bound of each decision variable is set to −10. For
all the algorithms, the population size is set to 100 and
the maximum number of function evaluations is set to
10,000, which is empirically confirmed to be enough for
the best algorithm to converge. It is important to note
that the parameter settings of all the algorithms are set
to the same to those in their original literatures, and
we have not tuned them for better performance. This
is because the purpose of testing these algorithms is to
obtain the label of each problem, rather than solve all
the problems as much as possible. If one algorithm is
tuned to have the best performance on most problems,
the label of most problems will be the same and it will
be meaningless to do algorithm recommendation, since
we can just select the algorithm having the best overall
performance for all the problems.

B. Analysis of Data Samples
Before applying the proposed recommender system,

the performance of the ten metaheuristics on the bench-
mark problems is analyzed. Fig. 6 depicts the ratio of
problems where each metaheuristic performs the best.
It can be observed that GA obtains the most best re-
sults, which is followed by CMA-ES and PSO. This is
intuitive since these three algorithms have shown high
performance on many real-world applications [22], [62],
[63]. Note that the experimental results only indicate
the performance of the ten algorithms on the 100,000
problems created by the proposed systematic method,
while they should perform the best on the same ratio of
problems among all problems according to the no free
lunch theorem.

In order to study the relationship between algorithm
performance and problem difficulty, an indicator is de-
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GA 41.51%

CMA-ES 30.54%

PSO 9.22%

CSO 7.60%

DE 2.46%

FEP 0.12%

ACO 6.67%

ABC 0.23%

SA 1.59%

Rand 0.06%

Fig. 6. Ratio of problems where each algorithm performs the best
among 100,000 randomly created problems.

fined for each operand and operator on each algorithm,
termed r-value. Formally, the r-value of an operand or
operator on an algorithm is defined by

r =
O′ · L
L′ ·O

, (4)

where L and L′ count the total numbers of all the prob-
lems and the problems where the algorithm performs the
best, respectively, while O and O′ count the numbers
of the operand or operator in all the problems and
the problems where the algorithm performs the best,
respectively. In short, the r-value calculates the ratio of
the frequency of the operand or operator in the problems
where the algorithm performs the best to the frequency
of the operand or operator in all the problems. Hence,
r > 1 means that the algorithm is good at handling
the operand or operator while r < 1 means that the
algorithm is bad at handling the operand or operator.

As plotted in Fig. 7, the r-values of all the operands
and operators on GA and CMA-ES are quite different.
On the one hand, the r-values of sin and cos on GA
are obviously larger than 1, which means that GA is
good at handling multimodal landscapes; by contrast,
the r-value of xr on GA is obviously smaller than
1, indicating that GA cannot handle complex linkages
between variables well. On the other hand, CMA-ES is
good at handling noise, but it is bad at handling complex
linkages and multimodal landscapes. These observations
are consistent with some existing work, where GA is
good at solving multimodal problems owing to the
mutation operator [60], [64] and CMA-ES is good at
handling unimodal problems with noise due to the usage
of Gaussian distribution model [65], [66]. According to
Fig. 8, it can be seen that the problem on which GA
performs the best is quite rugged while the problem
where CMA-ES performs the best is relatively smooth.

The r-values in Fig. 7 indicate that both GA and
CMA-ES are bad at handling complex linkages between
variables. In contrast, Fig. 9 shows the r-values of all the
operands and operators on DE and CSO, where DE is
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Fig. 7. r-values of all the operands and operators on GA and CMA-ES.
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good at handling translated decision vector xt and CSO
is good at handling rotated decision vector xr, which
indicates that these two algorithms are more suited for
problems with complex linkages. In fact, both DE and
CSO have shown high performance in solving many
challenging problems with very complex linkages in the
literature [67], [68].

In addition, it is interesting to investigate when ran-
dom search can perform better than the others. Accord-
ing to the r-values shown in Fig. 10, random search is
likely to better handle xt, neg, rec, prod, and max, all
of which provide extreme objective values and complex
landscapes. As shown in Fig. 10, the problem where
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Fig. 9. r-values of all the operands and operators on DE and CSO.
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random search performs the best looks quite unusual
and difficult to optimize. Random search can indeed
show competitiveness on some real-world applications
such as neural architecture search [69], [70], in which the
mapping between decision variables (e.g., architecture
of deep neural network) and the objective value (e.g.,
classification error) is very complex.

C. Performance of the Proposed Method
According to the above analysis, the performance of

each metaheuristic is highly related to the operands
and operators in the problem, hence it is reasonable
to use the operands and operators as features for al-
gorithm recommendation. To study the performance of

the proposed method, two recently proposed algorithm
recommendation methods are adopted as baselines here.
The first method (denoted as Baseline1) [33] samples a
number of solutions on each problem, and directly uses
the objective values of all the solutions as the features.
The second method (denoted as Baseline2) [34] also
samples a number of solutions on each problem, while
a number of landscape-related features are extracted
from the objective values of all the solutions. Besides,
a naive method (denoted as Baseline0) is also involved,
which always recommends the algorithm having the best
overall performance (i.e., GA) on all the problems.

Two variants of the proposed method are involved in
the experiment, where one variant (termed AR-WB) is
meant for white-box problems and the other (termed AR-
BB) for black-box problems. Besides, five classifiers are
adopted in Baseline1 and Baseline2, including decision
tree (with Gini’s diversity index) [71], k-nearest neighbor
(k-NN, with k = 3, 9, 99) [72], naive Bayes (with Gaus-
sian kernel) [73], multi-layer perception (MLP, with sig-
moid function) [74], and support vector machine (SVM,
with Gaussian kernel) [75]. Note that these classifiers
cannot be used in the proposed method since the input
(i.e., reverse Polish expression) has a variable length.
For a fair comparison, the total number of sampled
solutions on each sample for Baseline1, Baseline2, and
AR-BB is set to 500; the population size N , the number
of generations G, and the mutation probability in the
symbolic regressor of AR-BB are set to 20, 10, and 0.1,
respectively.

Table IV lists the prediction accuracy of Baseline0,
Baseline1, Baseline2, and the proposed method on
the 100,000 created benchmark problems with five-fold
cross-validation. On the one hand, the proposed AR-
WB gains the best accuracy of 92.15%, which is much
higher than all the other methods. On the other hand, the
proposed AR-BB also performs better than the baselines
in terms of all the classifiers, having achieved a test accu-
racy of 73.26%. Table V presents the average true ranking
of the algorithms selected by the compared methods.
It can be observed that the results are consistent with
those in Table IV, where AR-WB performs the best and
is followed by AR-BB. The average true rankings of AR-
WB and AR-BB are 1.251 and 2.057, respectively, which
means that they can generally select the best or second
best algorithm for all the problems.

Furthermore, the influence of the number of training
samples and the number of sampled solutions on each
training sample to the test accuracy is studied. Fig. 11
shows the test accuracy of Baseline1, Baseline2, and
AR-BB with different numbers of training samples and
sampled solutions. On the one hand, the test accuracy
reduces rapidly with the decreased number of training
samples, which indicates that a large number of random
problems created by the proposed method are necessary
for training an effective classifier. On the other hand, the
test accuracy slightly degrades with the decreased num-
ber of sampled solutions, hence it is possible to sample
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TABLE IV
TEST ACCURACY OBTAINED BY BASELINE0, BASELINE1, BASELINE2, AR-WB, AND AR-BB ON THE CREATED BENCHMARK PROBLEMS. THE

BEST RESULT IS HIGHLIGHTED.

Method Decision tree k-NN (k=3) k-NN (k=9) k-NN (k=99) MLP Naive Bayes SVM

Baseline0 41.27%

Baseline1 54.73% 63.80% 59.95% 55.95% 50.88% 16.93% 41.28%

Baseline2 62.98% 66.22% 67.57% 62.20% 54.46% 47.28% 60.68%

AR-WB 92.15%

AR-BB 73.26%

TABLE V
TRUE RANKING OBTAINED BY BASELINE0, BASELINE1, BASELINE2, AR-WB, AND AR-BB ON THE CREATED BENCHMARK PROBLEMS. THE BEST

RESULT IS HIGHLIGHTED.

Method Decision tree k-NN (k=3) k-NN (k=9) k-NN (k=99) MLP Naive Bayes SVM

Baseline0 2.347

Baseline1 2.441 2.314 2.448 2.496 2.492 4.689 2.353

Baseline2 2.109 2.119 2.021 2.193 2.435 2.650 2.264

AR-WB 1.251

AR-BB 2.057
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Fig. 11. Test accuracy of Baseline1, Baseline2, and AR-BB with
different numbers of training samples (left) and sampled solutions
(right).

fewer solutions on the problems with computationally
expensive functions.

D. Transferability of the Proposed Method
The transferability of the proposed method is stud-

ied here on some real-world problems. The time series
forecast problem [76] and the portfolio optimization
problem [44] are adopted in the experiments, not only
because they are very important and challenging tasks
in quantitative finance, but also because their datasets
can be automatically synthesized to create a sufficient
number of test samples [77]. The detailed definitions
of these two problems can be found in Supplementary
Materials III.

Table VI presents the prediction accuracy of the com-
pared methods on 10,000 time series forecast prob-
lems and 10,000 portfolio optimization problems with
ten metaheuristics, where Baseline0 always recommends
GA, Baseline1 and Baseline2 use the models trained
by k-NN with k=3 on the 100,000 created benchmark

TABLE VI
TEST ACCURACY AND TRUE RANKING OBTAINED BY BASELINE0,

BASELINE1, BASELINE2, AND AR-BB ON REAL-WORLD PROBLEMS.
THE BEST RESULTS ARE HIGHLIGHTED.

Method
Time series forecast

Test accuracy True ranking

Baseline0 35.45% 3.039

Baseline1 42.53% 3.580

Baseline2 52.68% 2.785

AR-BB 61.84% 2.728

Method
Portfolio optimization

Test accuracy True ranking

Baseline0 41.49% 2.675

Baseline1 54.89% 3.219

Baseline2 63.04% 2.542

AR-BB 68.86% 2.290

problems, and the deep recurrent neural network in AR-
BB is also trained with the 100,000 created benchmark
problems. The proposed AR-WB is not involved since the
functions of the real-world problems cannot be directly
represented as trees. According to the experimental re-
sults in Table VI, AR-BB obtains the best test accuracy
and true ranking on both the two types of problems,
which is followed by Baseline2, Baseline1, and Baseline0.
In conclusion, the proposed AR-BB has better overall
performance than the compared methods on real-world
problems, and the high transferability of the proposed
method can be verified.
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V. CONCLUSIONS

This paper presents a recommender system for se-
lecting metaheuristic algorithms for solving continuous
optimization problems. In contrast to existing methods
that extract landscape-related features on a small number
of benchmark problems, the proposed method uses the
operands and operators as features and generates a huge
number of benchmark problems as training samples,
thereby significantly enhancing the performance of the
recommendation model. The proposed representation
strategy cannot only represent a white-box function in
the form of a tree structure consisting of operands and
operators, it can also be used to estimate the tree repre-
sentation of a black-box problem by means of symbolic
regression. The tree of a problem is then converted
into a reverse Polish expression and fed into a deep
recurrent neural network, which is trained with a large
number of benchmark problems created by a training
data collection strategy.

According to the experimental results of ten meta-
heuristics on 100,000 problems created by the proposed
training data collection strategy, instructive observations
can be made to illustrate the strengths and weaknesses
of each algorithm for continuous optimization. Although
our results show the promises of the proposed recom-
mender system, many questions remain open. For ex-
ample, it is highly desired to further improve the recom-
mendation performance on black-box problems without
increasing the computational budget. Meanwhile, the
proposed strategy for training data collection can be
extended to other types of problems such as combi-
natorial optimization problems [18] and multi-objective
optimization problems [33] as a tool for performance
analysis. Finally, it is of great importance to find multi-
ple and more informative features for representing and
learning the difficulties in solving complex optimization
problems.
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